Introduction
Let V denote a vector space of finite dimension n over a field F . Let L(V ) denote the set of all subspace of V . Then L(V ) is a modular lattice under the operations ∩ and + . If W is a sublattice, it is also modular.
Let Hom(V ) denote the algebra of all linear transformations of V onto itself. As usual, Hom(V ) can be identified with M n (F ), the algebra of all n × n matrices over F . We assume that all algebras contain the identity map, I . 
AlgV is a subalgebra of Hom (V ) and LatR is a sublattice of L(V ).
In general, the containments LatAlgV ⊇ V and AlgLatR ⊇ R are proper. If equality holds, then V (respectively R ) is called reflexive (see [5] ).
Let F be a field and let ρ be a reflexive transitive relation on the set N = {1, ..., n} for some n ≥ 2 (more information about ρ will be given in Section 2). The set M n (F, ρ) = {A ∈ M n (F ) : a ij = 0 whenever (i, j) / ∈ ρ} is a subalgebra of M n (F ) and we call M n (F, ρ) the algebra of n × n structural matrices over F (with identity I Let X be a subset of a set S . If X ∪ X = S and
Recall that a lattice L is called a complemented lattice if L has a greatest element and least element, and each element has at least one complement; that is, for b ∈ L , there exists a ∈ L such that a ∨ b = 1 and
This work is a follow-up paper of [1] , and in this paper we explore when the lattice of invariant subspaces of a structural matrix algebra can be complemented. We recall that a Boolean algebra is a complemented distributive lattice, and we concentrate on the relation between the structural matrix algebra and Boolean algebra. Our aim is to study when the lattice of invariant subspaces of a structural matrix algebra is a Boolean algebra. We give several equivalent conditions for this to hold.
We first prove that a finite sublattice V of the set L(V ) of all subspaces of a finite dimension vector space V is a Boolean algebra if and only if Alg(V) is a structural matrix algebra M n (F, ρ), with ρ symmetric. Then, by asking a question with respect to whether we have a necessary and sufficient condition for a subspace to have a complement in a subspace lattice for a structural algebra, we partially answer the question in Propositions 3.6 and 3.7 .
Finally, we prove that any basis of a Boolean algebra satisfies the complementation property, and, conversely, if a basis of a lattice of subspaces of a structural algebra satisfies the complementation property, then the lattice is a Boolean algebra.
At the end of the paper, we discuss briefly the structure of the algebra if the finite distributive lattice (i.e. finite reflexive lattice) L(V ) is a Boolean algebra.
Preliminaries
Let ρ (or C or ∼) be a reflexive transitive relation (i.e. quasi-order relation) on the set N = {1, ..., n} for some n ≥ 2, and then (N, ρ) is called a quasi -ordered set (abbreviated as quoset). This is also in accordance with [9] . 
We let V denote a sublattice of L(V ). Recall that an element W ∈ V is (join) irreducible if and only if
The following theorem is implied by [2, Theorem 3.4], but we have a different approach and proof of the result under discussion.
Theorem 2.1 Let ρ be a quasi-ordered relation on the set
Proof Let M n (F, ρ) = M be a structural matrix algebra that is simple. We may, without loss of generality, assume the algebra to be in block upper triangular form. We see from consideration of the properly nilpotent elements that the radical, J , is the ideal of all matrices in M that are block strictly upper triangular. Since M is simple, it is semisimple, and so J = {0} . Then M is block diagonal, that is, a direct sum of full matrix algebras. But since M is simple, it has no proper ideals, and thus consists of a single block. That is, M is the full matrix algebra of order n over F . This completes the proof. 2 Corollary 2.2 Let ρ be a quasi-ordered relation on the set N = {1, . . . , n} and let M n (F, ρ) be the structural algebra for ρ . The following statements are equivalent:
The property isolated in the next definition is central in the study of structural algebras (cf. [7, 8, 9] ). 
Boolean algebras of subspaces
Recall that a Boolean algebra is a complemented distributive lattice. Since we are considering invariant subspace lattices of structural matrix algebras, we want the invariant subspace to have a complement that is also an invariant subspace. (1) V is a Boolean algebra;
Proof As to (1) ⇒ (2), when V is a Boolean algebra it is distributive; by [1, Theorem 3] we have R = Alg(V).
With exactly same idea as in the proof of [1, Theorem 3], the argument is (e 
The direction (3) ⇒ (2) is slightly less obvious and is proven in [2] .
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We shall give an alternate proof that (3) implies (2) . Let M = M n (F, ρ) be a structural matrix algebra.
We are to show that if M is semisimple then ρ is symmetric (i.e. it is an equivalence relation 
Since R is semisimple, ρ is symmetric [ 
where each AlgV j is the algebra of all endomorphisms of V j and is therefore simple. Hence, AlgL is semisimple.
(3) Suppose R is an algebra such that LatR is a Boolean algebra. As in (2), we can write
where the V j are join irreducible. Then
where R j is the restriction of R to V j . The join irreducibility of V j as an element of LatR means that R j has no invariant subspaces other than V j and {0} since LatR is complemented. That is, R j is an irreducible algebra. Since F is algebraically closed, by Burnside's theorem R j = Hom(V j ) . The result follows. 2
Example 3.3 The algebraic closure of F is needed in (3) of Theorem 3.2. For if F = R, the real numbers, and if
we let R be the subalgebra of M 2 (R) generated by the R(θ). Then R is irreducible and is in fact a field, and hence simple. However, R cannot be isomorphic with a structural ring M 2 (R, ρ) of 2 × 2 matrices since
We know that the complement of an element in a Boolean algebra is unique [6, p. 40 ]. Then we can give the following proposition. Proof is sufficiently obvious by the base property.
Proposition 3.4 If the lattice of subspaces of a structural algebra is complemented, then the complement is unique.
Question: If we have a subspace lattice for a structural algebra, do we have necessary and sufficient conditions for a subspace to have a complement? Proof Recall first that a minimal nonzero element of L is irreducible. First suppose V is a minimal subspace that is contained in no other irreducible subspace.
Now suppose V is the sum of minimal subspaces, none of which is contained in another irreducible subspace, say
By the first part, each U j has a complement W j . Put
b. Then the admissible permutations must permute the indices of 2 classes, that is, must permute the diagonal blocks. But we can, for instance, permute 2 such diagonal blocks only when n p = n q (compare [2, Theorem B]).
